SURFACES WITH DIF^DEF REAL STRUCTURES 



V.M. KHARLAMOV AND VIK. S. KULIKOV 

Abstract. We study real Campedelli surfaces up to real deforma- 
tions and exhibit a number of such surfaces which are equivariantly 
diffeomorphic but not real deformation equivalent. 



Introduction 

The real DIF=DEF problem is at least as old as the complex one. 
As in the complex DIF=DEF problem it is a question of interaction 
between two basic equivalence relations: by diffeomorphisms of real 
structures, and by deformations of varieties together with real struc- 
tures. 

A real structure on a complex surface X is an anti-holomorphic in- 
volution X — i> A. A complex surface supplied with a real structure is 
called a real surface. A deformation of surfaces is a proper holomorphic 
submersion p : Z ^ D, where Z is a 3-dimensional complex variety 
and D C C is a disk. If Z is real and p is equivariant, the deforma- 
tion is called real. Two real surfaces X' and X" are called deformation 
equivalent if they can be connected by a chain X' = Xq, . . . , X^ = X" 
so that Xi and Aj_i are isomorphic to real fibers of a real deformation. 

Under these definitions, up to a difjeomorphism the real structure is 
preserved under deformation. So the problem is in what extent the dif- 
feomorphic type of the real structure determines the deformation type. 
Namely, let call a real surface X to be quasi-simple if it is deformation 
equivalent to any other real surface X' such that, first, X' is defor- 
mation equivalent to A as a complex surface, and, second, the real 
structure of X' is diffeomorphic to the real structure of X. Thus, we 
understand the real DIF=DEF problem as the question are there non 
quasi-simple real surfaces'! (Note that in the case of curves the response 
to such a question is in negative: any real curve is quasi- simple.) 
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The first quasi-simplicity result belongs to F. Klein and L. Sclilafli 
[TH] and concerns real cubic surfaces in the projective 3-space. In fact, 
the quasi-simplicity holds for many other special classes of surfaces. It 
is observed for rational surfaces (A. Degtyarev and V. Kharlamov ^j), 
for real Abelian surfaces (follows from A. Comessatti |4j), for geomet- 
rically ruled real surfaces (J.-Y. Welschinger [221); ^^^^ '^^^^ hyperelliptic 
surfaces (F. Catanese and P. Frediani [3]), for real ii'3-surfaces (follows 
from V. Nikulin [201); ^^^^ Enriques surfaces (A. Degtyarev and 

V. Kharlamov; the quasi-simplicity statement was announced in B\, 
and the complete list of deformation classes of real Enriques surfaces 
was obtained in collaboration with I. Itenberg in [U]; note also that 
quasi-simplicity of hyperelliptic and Enriques surfaces extends to quasi- 
simplicity of the quotients of Abelian and i^'3-surfaces by certain finite 
group actions, see [7|). 

Whether elliptic surfaces and irrational ruled surfaces quasi-simple 
is, as far as we know, still an open question. 

It was natural to expect that such a simple behaviour would no 
longer take place for more complicated surfaces, like those of general 
type. However, probably because of lack of convenient deformation in- 
variants not covered by the differential topology of the real structure, 
no any example of non quasi-simple real surfaces (or real varieties of 
higher dimension) was known. The main result of this paper is pro- 
viding such examples. Namely, we prove that the Campedelli surfaces 
(see the definition in Section [TTT|) are not quasi-simple: there exist real 
Campedelli sufaces which have diffeomorphic real structures without be- 
ing deformation equivalent. 

Let us notice that existence of non quasi-simple families of surfaces 
of general type does not prevent certain particular classes of surfaces 
of general type from being quasi-simple. And examples of quasi-simple 
real surfaces of general type do exist. One such example is given by 
real Bogomolov-Miyaoka-Yau surfaces, that is, surfaces covered by a 
ball in C^, see [13]. In fact, in J3] it is also shown that there exist 
diffeomorphic, in fact complex conjugated, Bogomolov-Miyaoka-Yau 
surfaces which are not real and thus, being rigid, they are not deforma- 
tion equivalent. These surfaces are counter-examples to the Diff = Deff 
problem in complex geometry. 

The first counter-examples to the Diff = Deff problem in the complex 
geometry of surfaces belong to Manetti [18 . They are not involving the 
complex conjugation. Already their existence explains why we need to 
fix complex deformation class in the definition of quasi-simplicity of real 
varieties. Moreover, our examples of diffeomorphic but not deformation 
equivalent real structures are closely related to Manetti's examples. In 
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fact, to establish a diffeomorphism we follow Manetti's approach, and 
to study the deformation equivalence we use the full description of the 
Campedelli surfaces given by Miayoka W\- 

The paper is organized as follows. In Section 1, we collect essentially 
known results on complex Campedelli surfaces adapting them to our 
needs and making emphasis on representing Campedelli surfaces as Ga- 
lois coverings of P^. In Section 2, we begin our study of real structures 
on Campedelli surfaces and give a kind of classification of real struc- 
tures on such surfaces. Section 3 is devoted to a study of real structures 
up to diffeomorphisms and up to deformations. In Section 4, we apply 
the technique developed to construct real surfaces which have diffeo- 
morphic real structures without begin deformation equivalent. Related 
remarks are collected in Section 5. 



1. Moduli space of Campedelli surfaces 

1.1. Campedelli surfaces as branched Galois coverings of the 
projective plane. Let X be a Campedelli surface, that is a mini- 
mal surface of general type which has Pg = q = 0, K\ = 2, and 
7ri(X) = (Z/2Z)3. Denote by = Proi{^^ H%X;mK)) the 

canonical model of X, by X the universal covering of X, by Gun the Ga- 
lois group of this universal covering, and by Xcan the canonical model 
of X. Note that X^an and Xcan have at most simple double points as 
singularities, so that Xcan is the universal covering of Xcan- The uni- 
versal coverings X ^ X and Xcan Xcan have the same Galois group, 

so that Xcan ~ -^can/ G^un- 

According to ^Hl, Theorem 9, the following statement holds. 

Theorem 1.1. The canonical map imbeds Xcan in- P^- With respect to 
suitable homogeneous coordinates wo, . . . ,wq in P^, this image of Xcan 
is given by equations 

= Oiwl + biwl + Ciwl, ai,bi,CieC, z = 3,4,5,6, (1) 

and the group Gun = (Z/2Z)^ acts on Xcan by diagonal projective trans- 
formations: g*{wj) = ±Wj for any g G Gun- D 

As equations (Q) and Theorem 11.11 show, the whole group G ^ 
(Z/2Z)^ C PGL{Q,C) of diagonal involutions {g*{wj) = ±Wj for any 
g E G) acts on Xcan and the following statement holds. 
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Corollary 1.2. The quotient space Xcan/G is isomorphic to and the 
quotient map X^an ~^ Xcan/G is a Galois covering of F"^ with Galois 
group G ~ (Z/2Z)^ branched along seven lines given by equations 

Zi = 0, t = 0,1,2, 

Zi = QiZo + biZi + CiZ2, 1 = 3,4,5,6, 

where Zq, Zi, z^ are homogeneous coordinates in = X^an/G. 

The canonical model Xcan of X is a Galois covering ofF'^ with Galois 
group G ~ (Z/2Z)'^ branched along the same lines. □ 

Let us underline that in the above statements the choice of the equa- 
tions and the coverings is not arbitrary. 

1.2. Few basic facts on Galois coverings. Recall that a Galois cov- 
ering of a smooth algebraic variety y is a finite morphism h : X ^ Y oi 
a normal algebraic variety X to F such that the function fields imbed- 
ding C{Y) C C(X) induced by /i is a Galois extension. As is well 
known, a finite morphism h : X Y is a. Galois covering with Galois 
group G if and only if G coincides with the group of covering transfor- 
mations and the latter acts transitively on every fiber of h. Besides, 
a finite branched covering is Galois if and only if the unramified part 
of the covering (i.e., the restriction to the complements of the rami- 
fication and branch loci) is Galois. In addition, a branched covering 
is determined up to isomorphism by its unramified part. Moreover, 
a covering map from the unramified part f/i C Xi of one branched 
covering, hi : Xi ^ Yi, to the unramified part U2 C X2 of another 
one, h2 : X2 Y2, induces a covering morphism Xi X2 between 
these branched coverings if the extension of the morphism of underly- 
ing unbranched varieties, hi{Ui) C Fi and /i2(f^2) C Y2, to the branch 
loci is given. Let us recall also that an unramified covering is Galois 
with Galois group G if and only if it is a covering associated with an 
epimorphism of the fundamental group of the underlying variety to G, 
and, in particular, the Galois coverings with abelian Galois group G 
are in one-to-one correspondence with epimorphisms to G of the first 
homology group with integral coefficients. All these results are well 
known and their most nontrivial part can be deduced, for example, 
from the Grauert-Remmert existence theorem [[r2j . 

In what follows we deal with Galois coverings with Galois group 
G ~ (Z/2Z)'^. Galois groups are considered up to isomorphism, and 
two Galois coverings hi : Xi ^ Y and h2 : X2 ^ Y with Galois groups 
Gi and G2 are said to be equivalent if there exist a biregular map 
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/ : Xi — i> X2 and an isomorphism F : Gi ^ G2 such that h2 o f = hi 
and F{g)f{x) = f{gx) for any x E Xi and g E Gi. 

1.3. Galois coverings of with Galois group (Z/2Z)^ branched 
along seven lines. Let £ = Lq U • ■ ■ U Lg be an arrangement of seven 
distinct numbered lines in P^. The simple loops Aj,0 ^ i ^ 6, around 
the lines Li generate ifi(P^ \ £, Z) ^ Z^. They are subject to the 
relation 

Ao + • • ■ + Ae = 0. 

The natural epimorphism ^ : Hi{F^ \jC,Z) Hi{F^ \ £, Z/2Z) ~ 
(Z/2Z)^ defines a particular Galois covering of ramified in C We 
call it universal and denote hj g : Y —>■ F"^. The following state- 
ment, which is a straightforward consequence of the general results on 
branched coverings mentioned in Section IT!^ precises, in particular, at 
what sense it is universal. 

Proposition 1.3. Galois coverings with Galois group G ~ (Z/2Z)'^ 
branched along C exist if and only if k ^ 6. Their equivalence classes 
are in one-to-one correspondence with epimorphisms i7i(P^ \ C) ^ G 
considered up to automorphisms of G. If g : Y F"^ is a Galois 
covering with Galois group G ~ (Z/2Z)^ branched along C, then there 
exists a Galois covering h : Y Y such that g = g o h. □ 

Without loss of generality, we can assume that the universal Galois 
covering : F — > is associated with the epimorphism ^ : ifi(P^ \ 
C,Z) {l^jTLf sending Aq to (1, . . . , 1) and \ with 1 < z < 6 to 
(0, . . . , 0, 1, 0, . . . , 0) with 1 in the i-th place. 

Let (^1,^2) be affine coordinates in = P^ \ Lq and /i(fi,f2) = 0, 
1 ^ 2 ^ 6, be a linear equation of Lj fl C^. The function field Ku = 
C(Y) of Y is the abehan extension C{Y) = C(f 1, f2, wi, . . . , wq) of the 
function field K = C{vi,V2) of P^ of degree 2^ determined by wf = k, 
i = 1, . . . ,6. (In other words, the pull-back of P^ \ Lq in F is naturally 
isomorphic to the normalization of the affine subvariety of given in 
affine coordinates Vi,V2,Wi, . . . ,Wq by equations wl = li, . . . ,wl = /e-) 

The action of 7 = (71, . . . , 75) G (Z/2Z)^ on is given by 

where for any multi-index ), < Oj < 1, we put 

6 

1=1 
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Therefore, Gal{Ku/C{vi,V2)) = (Z/2Z)6 and 

is a decomposition of the vector space Ku over C{vi,V2) into a finite 
direct sum of degree 1 representations of (Z/2Z)^. 

Let if : Hi{¥^\C, Z) —>■ (Z/2Z)'^ be an epimorphism given by ip{Xi) = 
(oj,!, . . . , ttj^fc), where aoj + ■ ■ ■ + aej = mod 2 for every j = 1, . . . , k, 
and let (7 : y — > be the Galois covering associated with 0. This 
covering is ramified in the union of lines Lj C £ with (p{Xi) 7^ 0. The 
epimorphism factors through a unique epimorphism : (Z/2Z)^ ^ 
(Z/2Z)^ so that, by Proposition Eni the covering g factors through a 
unique Galois covering h : Y —>■ Y. The latter determines the inclusion 
h* : C(Y)-^ Ku of the function field C(Y) of Y into the function field 
Ku = C{Y). Clearly, Gal(K„//i*(C(F))) = ker^^, the field h*{C{Y)) 
coincides with the subfield K^ = C(f 1, V2, ui, . . . , Uk) of Ku, where 

«, = «;^-...-z.^, (2) 

and 

6 

Gal(i^„/i^^) = { (71, . . . , 76) e (Z/2Z)6 I «^j7i = (2), 1 < j < A; }. 

i=l 

1.4. Resolution of singularities of Y . By construction, F is a nor- 
mal surface with isolated singularities. The singular points of Y can 
appear only over an r-fold point of with r ^ 2, i.e., over a point 
belonging to exactly r lines Li-^^, . . . , Li^ EC with (p{\i^) ^ 0, 1 ^ k ^ r. 

Lemma 1.4. (see, f.e., (p5]) Ifp = Li-^CiLi^ is a 2-fold point of and 
(y9(AiJ 7^ ip{\i^), then Y is non-singular at each point of g^^ijp). □ 

We say that an r-fold point Pii,...,i,. of is a non-branch point with 
respect to if YTj=i V^i^ij) = 0- 

To resolve the singularities of Y we start from a suitable blow-up of 
P^. First, we blow up all the 2-fold non-branch points and all the r-fold 
points of with r > 3. Second, for each pair {pi^, k) such that 
Pii,...,ir is an r-fold point of and X]J=i ^i^ij) = '^{^ij^ effectuate 
a blow-up with center at the intersection point of the strict transform 
of Ljj. with the exceptional divisor -Ej^,. blown-up over Pi^^...^i^ at the 
first series of the blow-ups. The resulting combination of the blow-ups 
is denoted by a : ^ P^. 

By L'^ C P^ we denote the strict transform of Lj, by E'^ with p = 
Ph,...,ir the strict transform of by -Ep.jj, the exceptional curves of 
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the second series of the blow-ups, and by Ep, Ep^i^ G Hi{¥'^\a ^{C'^), Z) = 
ifi(P^ \C^,Z) simple loops around E'^ and -Ep.j^,, respectively. 

The identification Hi{F^ \ a-\C'P),Z) = Hi(F^ \ C^,Z) composed 
with if provides an epimorphism : Hi{¥'^ \ o^^(^C^)^%) —>■ 
Let consider the associated Galois covering / : X — P^^ 

Lemma 1.5. ([121) Let p = Li^^ H ■ ■ ■ H Li^ be an r-fold point of ly , 
r ^ 2. Then, 

(m) <^(ep,ij = 0. 

□ 

The following theorem is a straightforward consequence of Lemmas 
OandO 

Theorem 1.6. The Galois coverings f and g are included in the com- 
mutative diagram 

V 



\l) Er. 
ill) 



X- 



f 



Y 
9 



p2 



p2 



in which u : X ^ Y is a resolution of singularities ofY. □ 

Lemma 1.7. Suppose that the Galois group of the covering F — » 
is (Z/2Z)'^. Then, a point q & Y situated over an r-fold point p = 
Pii,...,ir = Li-^ n ■ ■ • n Li^ of is not a canonical singular point (that is, 
q is not an A-D-E -singularity) if, and only if, either r > 3 or r = 3 
and p is not a branch point of (f. 

Proof. To determine the type of a singular point we look at its resolu- 
tion provided hj u : X ^Y, see Theorem II .61 

If r = 2 and ip{\i) ^ V^(A2), then, by Lemma IT^ each point q G 
g^^{p) is a nonsingular point of Y. If, by contrary, v^(Ai) = ^p{X2), then 
the covering / : X ^ P^ is not branched at E'^ and it splits over E'^ into 
four copies of a Galois double covering of P^ branched at two points, 
so that each of the four points q G g~^{p) is replaced in the resolution 
by a rational curve with self-intersection number ^ J' = —2. Hence, 
in this case all the four points are of type Ai. 
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If r = 3 and p is a non-branch point, then up to a coordinate change 
in G we have ip{Xi,) = (1, 0, 0), (/?(AiJ = (0, 1, 0), and ip{\i^) = (1, 1, 0). 
Therefore, /"^{E^) is a disjoint union of two rational curves Ci and C2 

with sclf-intcrscction ^ ^' — —4. Hence, the singular points q E 
g~^{p) are not canonical. 

Now, let suppose that r = 3, p is a branch point, and <^(AjJ, (^(Ajj), 
^piXis) are pairwise distinct (note that for a branch point the latter 
assumption is equivalent to Yl^=i^i^ij) ^i^^ik) 1 ^ A; ^ 3). 

Then, after a coordinate change in G we may suppose that v^(AjJ = 
(1,0,0), ifiK,) = (0, 1,0), ifiK,) = (0,0, 1). Therefore, over E'^ wc get 
a Galois covering over with Galois group (Z/2Z)^ and three branched 
points, so that f~^{E'p) is a rational curve with self-intersection ^~]^'^ = 
—2, and, hence, the singular point q = g~^{p) is of type A^. 

Next, let treat the case when r ^ 3 and there is at least one k such 
that ^j=i¥'(Ai^.) = ip{\i^). Then: p is a branch point, (J~^{p) = Ep + 
E;=i E'~k, wheie {E'^f = -{s + 1) and (E'^^. f = ■■■ = {E[,^,f = -1; 
Ep is a branch curve of /, but E'^ . . . , E'^ ^.^ arc not branch curves of 
/. Therefore, each of f~^{Ep^kj), 1 ^ J ^ -s, splits into a disjoint union 

of four (-2)-curves, while f*\E'p) = 2Ci H h 2C2n, where 2" is the 

index in G of the subgroup Gi^^,,,^i^ generated by </?(AjJ, . . . , and 
Ci, . . . , C2™ are copies of a Galois covering of E'^ of degree 2^~" (recall 
that deg / = 8) branched at r — s points. Thus, for each i = 1, . . . , 2** 
we have 

(C2)^ = -2i-(.+ l), 

g{Gi) = 2-"(r - s) - 2^-" + 1 = 2-"(r - s - 4) + 1, 

where < n < 2. If g^^{p) consists of canonical singularities, then 
{Gf)x = -2 and g{Gi) = 0, that is, 

2i-n(s + i) = 2, 
2-"(r - s - 4) + 1 = 0. 

The only solutions are n = l,s = l,r = 3 and n = 2, s = 3, r = 3. In 
the first subcase g~^{p) splits in two As-singularities, and in the second 
one, it splits in four D4-singularities. 

The only remaining case is when r ^ 4 and Yli'j=iV{^ij) ^i-^ik) 
whatever is 1 ^ A; ^ r. Then f~^{E'p) splits into a number of copies, 
denote one of them by C, of 2"*-sheeted Galois covering of = E'^ 
branched at r points, where m > 1. By the Hurwitz formula, 

t/(C) = 2"^-V - 2"^ + 1 > 1, 

which implies that the singular points q e g'^ip) are not canonical. □ 
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Lemma 1.8. Suppose that the Galois group of the covering F — zs 
(Z/2Z)^ and that the line arrangement £ = Lq U ■ • ■ U Lg have no r-fold 
singular points with r > 4. Ifip{Xi) ^ for any ^ i ^ 6 and there are 
two distinct lines Li^ and Li^ with = ip^Xi^), then Pg{X) ^ 0. 

Proof. By (j2I), Y can be given by equations 

u^,=llh{vuV2r'\ J = 1,2,3, 

where (aj^i, ai,2, Oi.s) = V^(Ai). Since (p is an epimorphism to (Z/2Z)^, 
there are at most four hues with equal values of (p, so that up to 
renumbering of lines and acting on (p by an automorphism of (Z/2Z)'^ 
there are four cases to consider: 

• (four equal values) ip{\i) = v^(A2) = '/'(As) = (p^Xi) = (1,0,0), 
¥.(A5) = (0,1,0), and (/.(A6) = (0,0,1); 

• (three equal values) (pi^Xi) = (p{X2) = '/'(As) = (1,0,0), (p^X^) = 
(0,1,0), and<^(A5) = (0,0,1). 

• (two pairs of equal values) v5(Ai) = (p{X2) = (1,0,0), f^X^) = 
ipiX,) = (0,1,0), and(/p(A5) = (0,0,1). 

• (one pair of equal values) </'(Ai) = v^(A2) = (1,0,0), (p^X^) = 
(0, 1, 0), (piXi) = (0, 0, 1), while (p{Xi) with i G {0, 5, 6} are dis- 
tinct from each other and distinct from (1, 0, 0), (0, 1, 0), (0, 0, 1). 

In the first three cases the function u = uiU2U^ G C(y) satisfies the 
following equation 

= h{Vi,V2) . . . h{Vi,V2)k{Vi, V2T, (3) 

where a = or 1 (in the first case, a = 1). Such an equation defines 
a double covering Z —>■ ¥^ branched in six lines (Li, . . . , Lg if a = 1 
and Li, . . . , L5, Lq if a = 0). Since the line arrangement has no r-fold 
points with r > 4, Z has only canonical singularities, and therefore it 
is a i^S-surface, which implies Pg{Z) = 1. The inequahty Pg{X) > 1 
follows now from the existence of a dominant rational map from X to 
Z. 

To complete the proof, let us notice that the fourth case is impossible. 
Indeed, it is impossible to satisfy the relation (p{Xo) + (pi^X^) + (p{Xq) = 
(0, 1, 1), by three distinct elements among (1, 1, 0), (0, 1, 1), (1, 0, 1), 
and (1,1,1). □ 
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1.5. Campedelli surfaces as Galois coverings branched over 
Campedelli arrangements. Let £ be a line arrangement in con- 
sisting of seven distinct lines labeled by the non-zero elements 
a G (Z/2Z)^. We call such a labeled arrangement C a Campedelli 
line arrangement if it has neither r-fold points with r > 4 nor triple 
points Pa-i_,a2,oi3 = La-^ H L^^ n Lag with ai + a2 + Oi^ = 0. We say that a 
Campedelli line arrangement £ = ^ Lq, is obtained from a Campedelli 
line arrangement £' = X] -^q by means of renumbering of lines if there 
is an automorphism r G Aut(Z/2Z)^ such that La = -^r(a) 
a G (Z/2Z)3 \ {0}. 

Given a Campedelli line arrangement C, one can consider the Galois 
covering Y{C) —>■ with Galois group (Z/2Z)'^ branched in C and 
defined by the epimorphism ip : Hi{¥^ \ £,Z) (Z/2Z)^ given by 
V'('^a) = C(- We call this covering the Galois covering branched over 
a Campedelli arrangement C. Clearly, a renumbering of a Campedelli 
arrangement leads to an equivalent covering. 

Theorem 1.9. For any Campedelli surface X there exists a Campedelli 
line arrangement C such that X^an = Y{^)- 

Proof. By Corollary 11.21 given a Campedelli surface X there exists 
an arrangement C of seven distinct lines in such that X^an is a 
(Z/2Z)^-Galois covering of P^ branched in C Since X^an has only 
canonical singularities, Lemma fl . 71 implies that C have no neither any 
r-fold point with r > 4 nor any 3-fold point which is not a branch 
point. Now Lemma 11.81 applies and shows that £ is a Campedelli 
arrangement. □ 
The following, converse, statement is proved in [T7] . 

Theorem 1.10. (^Zj) For any Campedelli line arrangement C the 
surface Y{C) is isomorphic to the canonical model of a Campedelli 
surface. □ 

If a Campedelli line arrangement C has no triple points, then by 
Lemma II. 4| the surface Y{C) is nonsingular (so that it is itself a 
Campedelli surface, X = Xcan) and it can be imbedded as a complete 
intersection into the weighted projective space 

P;:, = P9(1,1,1,2,2,2,2,2,2,2) 

with three weight- 1 coordinates Zi, i = 0, 1, 2, and seven weight-2 coor- 
dinates G (Z/2Z)^ \ {0}. Namely, in accordance with what was 
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seen in subsection II .31 Y{C) is isomorphic to a surface in given by 

"(1,0,0) = ^(1,0,0)^(1, 1,0)^(1,0,1)/(1, 1,1) 
"(0,1,0) = ^(0,1,0)^(1,1,0)^(0,1,1)^(1,1,1) 
"(0,0,1) = ^(0,0,1)^(0,1,1)^(1,0,1)^(1,1,1) 

"(1,1,0) ^ ^(1,0,0)^(0,1,0)^(1,0,1)^(0,1,1) (4) 

"(1,0,1) ~ ^(1,0,0)^(0,0,1)^(1,1,0)^(0,1,1) 
"(0,1,1) ~ ^(0,1,0)^(0,0,1)^(1,0,1)^(1,1,0) 
"(1,1,1) ~ ^(1,0,0)^(0,1,0)^(0,0,1)^(1,1,1)- 

where la{zo, zi, Z2) = are hnear equations of C C in P^. 
Note that Ua satisfy the following relations 



W(1,0,0)W(0,1,0) ^(1,0,0)^(0,0,1) 

^^(1,1,0) = -J -J , ^^(1,0,1) = -J -J , 

Hi,i,o)Hi,i,i) Hi,o,i)Hi,i,i) 

^^(0,1,0)^(0,0,1) M(1,0,0)M(0,1,0)«(0,0,1) 

"(0,1,1) = -J -J , "(1,1,1) ~ 



(5) 



^(0,1,1)^(1,1,1) ' ' ^(1,1,0)^(1,0,1)^(0,1,1)^(1,1,1) 

Note also that if C is obtained from £ by a renumbering of the lines C 
given by an automorphism r G Aut(Z/2Z)^, then this renumbering (in 
order to save the form of the equations in (0])) defines the renumbering 
of Ua by the automorphism r~^. 

1.6. Moduli space of the Campedelli surfaces. In this section, 
we identify the moduli space of Campedelli surfaces with the mod- 
uli space of Campedelli line arrangements. Here and further, we ap- 
ply to Campedelli surfaces the following general property of minimal 
surfaces of general type: their isomorphisms (respectively, automor- 
phisms) are in a natural bijection with the isomorphisms (respectively, 
automorhisms) of their canonical models. 

As above, let a Galois covering g : Y{C) — > P^ with Galois group G ~ 
(Z/2Z)^ be branched along a Campedelli line arrangement C = ^ La, 
where the sum is taken over all a G G, a 7^ 0, and be determined by 
an epimorphism ip : _f/'i(P^ \ C,Z) — > G such that ip{\a) = Oi. Denote 
by X = X{C) the minimal nonsingular model of Y{C) constructed in 
subsection 11.41 Since C has neither r-fold points with r > 4 nor triple 
points ,02,03 = -^oinLajflLag with ai+a^+o.^, = 0, this construction 
reduces to the composition cr : P^ ^ P^ of the blow-ups with centers 
at all the 3- fold points of C followed by the covering / : X{C) — > IP^ 
induced by the lift ip of (p. 

Denote by /o- the composition f^ = aof: X{C) — > P^. 

Lemma 1.11. ([17J) The hicanonical system \2Kx\ of X = X{C) is 
equal to \f^L\, where L gF"^ is a line m P^. □ 
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The next Lemma is a straightforward corollary of Proposition 11.31 

Lemma 1.12. Let Ci = Ylhi^-^^m ^'^^ = Yh=i^-2A' (^i^ Pi ^ 
G = (Z/2Z)^, 7^ 0; ^6 t'^o Campedelli line arrangements in 

such that Li^ai = -^2,/3i fori = 1,...,7. Then the Galois coverings 
Y{Ci) and ¥{€2) — > P^ are equivalent if, and only if, Ci can be 

obtained from C2 by means of renumbering of lines. □ 

Theorem 1.13. Let Xi^can = ^(-^i) o^nd X2^can = ^(-^2) be two Galois 
coverings Qi : Xi^can —>■ P^ branched over Gampedelli line arrangements 
Ci and £2- If Xi^can o,nd X2^can o,re isomorphic, then any isomorphism 
y '■ Xi,can — > X2,can Can bc includcd in a commutative diagram 



X 



2, can 



91 



92 



p2 



p2 



Proof. Consider the resolutions Xj = X(£j) of Xjcan = ^(-^i), the 
associated coverings fi : Xj P^, and the composed morphisms 
fa,i = o fi : Xi ^ F"^ . As it was mentioned above, since Xj are mini- 
mal surfaces of general type, any isomorphism between their canonical 
models, Xi can X2^can hfts uuiqucly to an isomorphism Xi — >• X2, and 
vice versa. Thus, it is sufficient to pick an isomorphism v : Xi ^ X2 
and to find a projective transformation %p such that ip o f^ i = f^ 2 ° ^• 
Moreover, the latter relation would follow from the corresponding rela- 
tion between the induced maps of the function fields: 1^*0 f* 2 = fai°'^*- 
As for any Campedelli surface, the torsion subgroup Tors(Xj) of 
H'^{Xi, Z) is 2-torsion and isomorphic to (Z/2Z)^. Given a G Tors (Xj), 
a 7^ 0, the linear system li^Xj + is non-empty as it follows from Serre 
duality, 

dimH\X,,OxXKx, + a)) = dimH\X,,OxX(^)) =0, 

and the Riemann-Roch theorem. Hence, there exists at least one effec- 
tive divisor Da G \Kx, + a|, and 2Da G |2i^'xil- Since Xj are minimal 
surfaces of general type, we have dimif°(Xj, 0{2KxJ) = K\_ -|- 1 = 3. 
On the other hand, dimif°(P^, (9p2(L)) = 3, where L is a line in P^, 
while by Lemma ITTT] we have \2Kx,\ = \f*{L)\. Finally, \2Kx,\ = 
/*j(|L|) and D G \Kxi + a| for some a G Tors(Xj) if and only if 

2D = f*fi) for some Z G 
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The only lines L G |L| for which the divisors f*i{L) are divisible by 
2 are the seven branch lines belonging to £j. Hence, they give all the 
different torsion elements and can be relabeled by the torsion elements 
so that Ci = 'Y^Liai where the sum is taken over the nonzero torsion 
elements, and \f*^{Li^a) = ^ \Kxi + «!• (Note that this labeling 
of lines may not coincide with the initial one.) 

Let z/ : Xi — > X2 be an isomorphism. It induces an isomorphism of 
torsion groups, v* : Tors (X2) Tors (Xi), and isomorphisms of linear 
systems, 

for each a G Tors(X2). Therefore, z/*(D2,a) = Di,u*{a) for any a G 
Tors(X2), a 7^ 0, and we get 

^*ifa,2i^2,ai — -^2,02)) = '^*(2-D2,ai " 2/^2,02) = 2Di^;^.(q,^) — 2Di^^*(^a2) = 

for any non zero ai,a2 G Tors(X2). Since any rational function is 
defined uniquely up to multiplication by a constant by its divisors of 
zeros and poles, it implies the existence of a system of constants Cai,a2 
such that 

where fi, f2 are affine coordinates in and /2.0, h,i3 are linear equations 
of the corresponding lines. Since the functions /*^^( ^''"^|^| C2) )) generate 
the subfields /*j(C(P^)) of C(Xj), the relations (0) imply the existence 
of a projective transformation : ^ such that f*-^ o tp* = 

^* ° /:,2- ' □ 

Corollary 1.14. If X = X{C), where C is a generic Campedelli line 
arrangement, then Aut{X) = GaliY{C) P^) ~ {Z/2Zf. □ 

Denote by P = P^ x ■ ■ ■ x P^ the product of seven copies of the 
projective plane. We consider each factor in this product as the dual 
projective plane, so that elements of each factor are lines in the initial 
P^. In addition, we numerate the factors of V by the non- zero elements 
a E G = (Z/2Z)^. Let D be the union of all diagonals in P, 

T3 = { £ G P I 3 Oil , , such that 

+ + = and L^,^^ n L^^^ n L^^^ ^ 0}, 

T4 = { C \ 3ai-^,ai^,ai^,ai^ such that 

La., n La.^ n La,^ n L„^^ ^ 0}. 
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The group PGL(2,C) x AutG acts on P \ (D U T3 U T4) as follows: 
PGL(2, C) acts in a usual way on each factor of "P, and the elements h 
of Aut G permute the factors, h : F"^ ^ ^h{a)- 

The following theorem is a consequence of Lemma ri.l2l and Theorems 

oiirrni andum 

Theorem 1.15. The moduli space M. of the Campedelli surfaces is 
isomorphic to the quotient space 

(P \ (D U T3 U Ti))/PGL{2, C) X AutG. 

□ 

Note that, as a result, all Campedelli surfaces are deformation equiv- 
alent. 

2. Real Campedelli surfaces 

2.1. An extension of the automorphism group. For any complex 
space X, denote by Kl = K1(X) the group of holomorphic and anti- 
holomorphic bijections X ^ X. Recall that, by definition, an anti- 
holomoprhic map X — > X can be seen as a holomorphic map X ^ X, 
where X states for the complex conjugate to X. 

Note (c/. subsection II. 6|) that for any minimal surface X of general 
type the groups K1(X) and Kl(Xcan) are naturally isomorphic. In what 
follows we identify them as soon as it does not lead to a confusion. 

Clearly, if Kl contains at least one anti- holomorphic element, the 
holomorphic elements form in Kl a subgroup Aut = Aut(X) of index 2. 
In other words, there is a short exact sequence 1 — > Aut — > Kl ^ i7 ^ 
1, where if ~ Z/2 or 1. We denote by kl : Kl — ii the homomorphism 
of this sequence. 

The real structures on X are the elements c G K1(X) such that 
kl(c) 7^ 1 and = id. Two real structures, Ci and C2 are called 
equivalent (or isomorphic) if there exists h G Aut(X) such that h o 
C2 = Ci o h. Recall that on the projective plane (as well as on 
any projective space of even dimension) any two real structures are 
equivalent by a projective transformation. 
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2.2. A criteria of existence of real structures on Campedelli 
surfaces. Given a Galois covering g : Y{C) P2 branched over a 
Campedelli line arrangement C and the associated Campedelli surface 
X = X{C) together with the composed map /o- = o" o / : X — > P^, we 
say that cx G K1(X) is lifted from if there exists cp G Kl(P^) such 
that the following diagram is commutative 

Cx 



X- 

p2 _ 



X 



Cp 



P2. 



Theorem 2.1. For any Campedelli line arrangement C, every cx G 
Kl{X) is lifted from P^. In particular, if X has a real structure cx, 
then there exists a real structure cp on P^ such that cp o f^ = f^ o cx- 

Proof. If cx G Aut(X), then cx is lifted from P^ by Theorem II. 131 Let 
Cx G K1(X) and Cx ^ Aut(X). Then Cx : A — A is a holomorphic 
isomorphism. Consider the complex conjugated covering : A ^ P^. 
By Theorem I1.13| there is a holomorphic isomorphism cp : P^ ^ P^ 
which makes commutative the following diagram 

Cx 



X 



fa 

T>2 _ 



Cp 



A 

P2. 



To get the last statement, it is sufficient to notice that Cp = id if 
c\ = id. □ 

Corollary 2.2. For any Campedelli line arrangement £ C P^, the 
Campedelli surface X = X{C) admits a real structure if, and only if, 
for a suitably chosen real structure cp o/P^ the (labeled) Campedelli line 
arrangement C is real, that is, there exists an automorphism (renum- 
bering) T : (Z/2Z)^ (Z/2Z)'^ such that cp{La) = -^^T(a) for each 
a G (Z/2Z)3, a^O. 

Proof. In the case of a real arrangement, to lift cp it is sufficient to 
notice that cp (as any real structure on P^) has a whole real projective 
plane of fixed points, to pick such a fixed point in the complement 
of the arrangement, and to identify the unbranched points of Xcan 
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with classes of pathes issued from the fixed point so that c becomes 
properly acting on Xcan- A renumbering induced by a transformation 
of is a homomorphism, since it factors through the induced action 
on ffi(p2 □ 

2.3. Real Campedelli line arrangements. The Galois group G = 
Gal(X/p2) - (Z/2Z)3 is a subgroup of Aut(X). As it follows from 
Theorem 12.11 G is a normal subgroup of Kl{X), and in addition, by 
Corollary 12. 2| c{La) = Lcac-^ for any a G G and c G K1(X). 

Proposition 2.3. Let C be a Campedelli line arrangement which is 
real with respect to some real structure cp : ^ P^. Then either C 
consists of seven real lines or it consists of three real lines and two pairs 
of complex conjugated lines. Respectively, cp acts on the labeling of C 
either identically or not. 

Proof The homomorphism a G G = {'L/2'Lf ^ cac^^ G G = {Z/2Zf, 
where c is the real structure on X, is an involution, and, as any in- 
volution on a Z/2- vector space, it splits into irreducible 1- and 2- 
dimensional components. In dimension 3, there are only two possi- 
bilities, either the involution is trivial or it contains a 2-dimensional 
irreducible component, that is an involution interchanging two gener- 
ators. In the first case, all a are fixed, and hence all the lines are real. 
In the second case, there are three and only three fixed elements, and 
hence three and only three real lines. □ 

Let call a Campedelli line arrangement C purely real if it consists of 
seven real lines and mixed real if it consists of three real lines and two 
pairs of complex conjugated lines. 

Given a real structure cx, denote by K1(X, cx) the subgroup of 
K1(X) generated by G and cx- If X = X{C) and L is real with respect 
to a real structure cp on P^, then the subgroup K1(X, cx) does not 
depend on the choice of a lift cx of cp and we denote it by K1(X, cp). 
Note that for a generic real Campedelli line arrangement C it holds 
AutX(/:) = G, so that K1(X) = K1(X, cx) for any cx- 

Proposition 2.4. Let X = X{C) be a Campedelli surface associated 
with a Campedelli line arrangement C which is real with respect to cp. 
Then: 

(i) if C is a purely real line arrangement, then Kl{X, cp) ~ (Z/2Z)'^; 
and if C is a generic purely real line arrangement, then there 
are exactly eight different real structures on X; 
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(ii) if C is a mixed real line arrangement, then Kl{X, cp) ~ H x 
(Z/2Z), where H is the quaternion group of order eight; and 
if C is a generic mixed real line arrangement, then there are 
exactly four different real structures on X. 

Proof. Pick a real point p G \ £ and consider a real structure c e 
K1(X) which lifts cp from to X and have fixed points over p. If all 
the lines are real, then cac~^ = a for any a e G (indeed, since c = id 
at each point of the G-orbit over p, the relation cac~^ — a holds at 
the points of this G-orbit, and, hence, it holds everywhere). If there 
are only three real lines in the arrangement, then in a suitable basis 
61, 62, 63 of G the (renumbering) involution a 1— > cac~^ acts as ei 1— 62 
and 63 H- > 63. Therefore, in the latter case, K1(X, cp) splits in a direct 
sum of Z/2 generated by 63 with a non-commutative group of order 8 
generated by ei, 62, and c. 

Since for a generic arrangement it holds K1(X) = K1(X, cx), the 
statements concerning the generic cases follow now from enumerating 
anti-involutions in K1(X, cp) ~ {Z/2Z)^ and, respectively, K1(X, cp) ~ 
e X (Z/2Z). □ 

2.4. Purely real Campedelli line arrangements. Let £ be a Cam- 
pedelli line arrangement JC — UL^ which is purely real with respect 
to a real structure cp : — > P^. Choose homogeneous coordinates 
{zq, Zi, Z2) in P^ such that cp turns in the standard complex conjugation 

Cp(zo, Zi, Z2) — (zo,Zi,Z2). 

Then each of the lines E a E G \ {0}, is given by equation 

with real coefficients, aa,i G K- 

Consider the set RP^ = {{zo, zi, Z2) \ e R} of real points of P^ If 
C has no triple points, then C divides MP^ into twenty two n-gons Pi, 
i = 1, . . . , 22, 3 < n < 7. The collection {m^, . . . , 777.7), where m„ is the 
number of n-gons Pi, is called the type of C 

The following description of topology of the inverse image of Pi in the 
associated Campedelli surface X{C) is a straightforward consequence 
of the construction of ramified coverings. 

Proposition 2.5. For any polygon Pi of a purely real Campedelli line 
arrangement C without triple points, its inverse image f^^{Pi) C X{C) 
is a two-manifold and it is homeomorphic to the following quotient of 
Pi X G, G = (Z/2Z)'^; the points (a,/3) and (6,7) are identified if 
a — b & La where ^ — (5 -\- a. □ 
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A triangle Pi bounded by L^^, La^, and La^ is said to have linear 
{in) dependent sides, if ai, 02, as are linear (in) dependent. 

Corollary 2.6. For any n-gon of a purely real Campedelli line ar- 
rangement C without triple points, 

(i) the Euler characteristic of f^^{Pi) is equal to 8 — 2n; 
(ii) f~^{Pi) is the disjoint union of two copies o/RP^, ifn = 3 and 

the triangle Pi has linear depended sides; 
(Hi) f^^{Pi) is the two-dimensional sphere, ifn = 3 and the triangle 

Pi has linear independent sides; 
[iv) f~^{Pi) is connected, if n = A, and it is orientable if, and only 

if, «! + ■ ■ ■ + 04 = 0, where aj are the labels of the sides La of 

Pi; 

(f) f~^{Pi) is a connected non- orientable two-manifold, ifn>5. 

Proof. The Euler characteristic e{f^^{Pi)) is equal to 

e{f-\P,)) = 8 - 4n + 2n = 8 - 2n 

according to the cellular decomposition given by Proposition 12.51 

Let Lai, . . . , La„ be the sides of Pi. Consider a subgroup Gp. = 
(«!, . . . , an) of G generated by Oi, . . . , As it follows from Propo- 
sition EUl the number of connected components of f'^{Pi) coincides 
with the index of Gp- in G. On the other hand, since n > 2, either Gp- 
coincides with G or it is a subgroup of index 2, and in the latter case, 
Pi is a triangle with linear dependent sides. Therefore, f~^{Pi) is con- 
nected except in the case of triangles with linear dependent sides and, 
moreover, if Pi is a triangle with linear dependent sides, then f~^{Pi) 
consists of two connected components. 

If n = 3, then e{f~^{Pi)) = 2. Hence, if Pi is a triangle with linear 
independent sides, then f^^{Pi) is the 2-sphere, and if Pi is a triangle 
with linear dependent sides, then f^^{Pi) is the disjoint union of two 
copies of MP2. 

Let n > 4. Then, Pi has three successive sides whose indices ai, 02, as 
are linear independent. After renumbering we can assume that ai = 
(1,0,0), a2 = (0,1,0), and as = (0,0,1). Following Proposition EHl 
perform a partial gluing of eight copies Pp = {Pi, [3) of Pi as is depicted 
in Fig. 1 (in Fig. 1, we denote the union of sides La^ U ■ ■ ■ U La„ by 

La). 
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^ La 


La ^ 


^ La 


La 


-^(0,1,0) 


-^(0,0,1) 


Y 

-'^(0,1,0) 


Y 

-'^(0,0,1) 


^(1,1,1) 


^(1,1,0) 


-P(1,0,0) 


^(1,0,1) 


-^(1.0,0) , 


-^fl.O.O) 


-^a.o.o) , 


-^(1.0,0) 


-^(0,1,0) 


-^(0,0,1) 


-^(0,1,0) 


-^(0,0,1) 


^(0,1,1) 


^(0,1,0) 


-P(0,0,0) 


-P(0,0,1) 


La 


La 


La 


' — 

La 



L{o,i,o) 



-(0,1,0) 



Fig. 1 

Let n = 4. Then, for La = La^ there are four cases: either = 
(1, 1, 0), or 0:4 = (1, 0, 1), or = (0, 1, 1), or = (1, 1, 1). It is easy 
to see from Fig. 1 that f~^{P) is non-orientable in the first three cases 
and it is orientable in the last case. 

Let, finally, n > 5. Then, La = La^ U ■ ■ ■ U La„ and at least one 
of 04, . . . , an, say aj, has to be equal to either (1, 1, 0), or (1, 0, 1), or 
(0,1,1). Therefore, the gluing of -P(o,o,o) and Paj along La^ gives rise 
to non-orientability of f~^{P). □ 

Consider a real structure cx '■ X{C) — > X{C) which is a lift of cp. 
According to Proposition 12.41 cx commutes with every element of G. 
Therefore, for any Pi, 1 ^ i ^ 22, there exists one and only one Qi E G 
such that cx{x) = gi{x) for any x E X with fa{x) G Pi. Using the 
same identification of G with (Z/2Z)^ which we have already fixed 
introducing the labeling of £, : HiiF"^ \C,Z) (Z/2Z)3, we put 

9i = {9i,i, 9i,2, gi,3) 

and introduce sign-triples 

Sign{Pi) = Sigrii = {sigrii^^, signi 2, sigrii^^), 

where, by definition, sign^^ = [—1)^^^'', 1 ^ A; ^ 3. When we renum- 
ber the lines in C by means of an automorphism h : (Z/2Z)^ —>■ 
(Z/2Z)^ the labels gi of Pi transform in h{gi); in particular, the la- 
bels Sigrii = {+, +, -|-) (corresponding to gi = 0) remain unchanged 
under any renumbering. We call positive the polygons Pi with labels 
Sigrii = (+,+,+). 
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The labels Sigui satisfy the following transition rule: 

sigrii^k = (7) 

if Pi and Pj have a common side on L^, a = (oi, 02, 03). In particular, 
if one of Sigrii is given, then it determines all the other. 

Let us notice that we switch from Qi to Sigrii by two reasons: first, 
it allows us to distinguish more easily (say, on Figures) a labeling of 
lines. La ^ a, from a labeling of polygons, Pj 1—^ SigUi] second, these 
signs have a natural meaning described below (and are convenient in 
use). 

Namely, to give an equivalent description of the above sign-labeling, 
let consider the embedding of Y{C) into given by equations (jH) and 
the products 

^(1,0,0)^(1,1,0)^(1,0,1)^(1,1,1); 

^(0,1,0)^(1,1,0)^(0,1,1)^(1,1,1), (8) 
^(0,0,1)^(1,0,1)^(0,1,1)^(1,1,1) 

participating in the first three equations (see subsection 11.51 for no- 
tations related with P^). As any homogeneous form of even degree 
with real coefficients, each of the products has a well defined sign at 
any point of RP^, where the product is nonzero. In particular, all 
the three products have a well defined sign at the interior of each of 
Pj, 1 ^ i ^ 22. Clearly, for each P, the triple of signs ordered in accor- 
dance with the appearance of the products in (jH)) is equal to Sign{Pi) 
determined by the real structure induced on Y{C) by the standard 
complex conjugation in P^, Zk ^ and u^. (Any real structure 

on Y{C) lifts to a real structure on X{C) and such a lift is unique, cf. 
subsection 12.11 ) 

By Proposition 12.41 there are eight and only eight distinct real struc- 
tures Cx which are lifts of cp. Let show that they all can be induced by 
a suitable diagonal real structure on P^, where by a diagonal real struc- 
ture on P^ we mean a real structure given by Zk 1— > Zk and Mq i— > eaUa 
with ea = ±1. Note that such a real structure preserves Y{C) if, and 
only if, the equations (0) are respected. In particular, there are eight 
and only eight real diagonal structures which preserve X{C) and they 
are determined by an arbitrary choice of ea with a = (1, 0, 0), (0, 1, 0), 
and (0, 0, 1). We denote by 

^<:(l,0,O):<:(0,l,0)>e(0,O,l) ■ -^i^) ~^ -^i^) 

the real structures thus obtained. Each of them is a lift of cp, since 
they all transform Zk in Zk- 

As is easy to check, the sign-triple Sign[ = {sign[ ^, sign[ 2, sign[ 3) of 
Pj defined by ^ ^),^(o.o,i) is equal to {tisigrii^^, e2signi^2, ^ssigUi^s), 
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which in its turn is equal to the triple of sings of the homogeneous forms 

^{1,0,0)^(1, 0,0)^(1, 1,0)^(1, 0,1)^(1, 1,1)' 

£(0,1,0)^(0,1,0)^(1,1,0)^(0,1,1)^(1,1,1), (9) 

£(0,0,1)^(0,0,1)^(1,0,1)^(0,1,1)^(1,1,1)- 

In what follows, a line arrangement L equipped with one of these eight 
sign-labelings is called equipped [by signs). 

The sign-equipment of a (labelled) pure real Campedelli arrangement 
contains a complete information on the real structure, as the following 
proposition shows. 

Proposition 2.7. Let Campedelli line arrangements C and C be pure 
real with respect to real structures cp : — > and Cp : P^ — > P^. 
A real structure c : X{C) lifting cp and a real structure 

c' : X{C') X{C') lifting c'p are equivalent if, and only if, there 
exist a homomorphism h : (Z/2Z)^ (Z/2Z)^ and a projective trans- 
formation : P^ — s> P^ such that 

c'p o H = H o Cp, (j)' o Ht, = h o (j) 

(here : /7i(p2 \ £; Z) ^ {Z/2Zf and 0' : ifi(p2 \ C; Z) ^ (Z/2Z)3 
are the labelings participating in definition of L and C ), and 

Sign\H{P,)) = 

where 

{-ly^ = StgnP,. 

Proof. It follows from Theorem 11.131 and the definition of the sign- 
triples (recall that one sign-triple determines all the other). □ 

Proposition 2.8. The eight real structures c^^^ ^ gj,^^^ ^ (,j,e(Q ^ are dis- 
tinct. If C has no triple points, these eight real structures are the only 
reals structures of X{C). 

Proof. There exist points in Y{C) where all the three coordinates Zq,Zi, 
Z2 are real and all the three coordinates M(i,o,o); ""(0,1,0), ""(0,0,1) are nonzero. 
The real structures Q(i,o,o),e(o,i,o),e(o,o,i) '^ith different (e(i,o,o), e(o,i,o), e(o,o,i)) 
act differently on such a point. It implies the first statement. 

Now, assume that C has no triple points and consider two real struc- 
tures, c : X(£) ^ X(£) lifting cp and d : X{C) ^ X{C) lifting dp. 
Assume that C is pure real with respect to cp. 

Let show, first, that C is pure real with respect to dp as well. Suppose 
that C is mixed real with respect to dp. Then, dp preserves three lines 
in C and two points which are intersections of conjugated lines in C On 
the other hand, cp preserves all the lines in C Therefore, cp o dp acts 
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trivially on three generic lines and two points outside them. Hence, 
cp o c'p = id, so that cp = dp. Which is a contradiction. 

If C is pure real with respect to both dp and cp, then the same 
argument implies that cp = dp. Thus, c and d differ by a Galois 
transformation. □ 



Remark 2.9. As follows from Propositions 2/7_ and \4-2\ if C 



%s a 

pure real Campedelli arrangement without nontrivial projective auto- 
morphisms, then the eight real structures Ce(i o o).f(o i o).<:(o o i) ^'^^ non- 
equivalent to each other and they represent all the real structures on 

Lemma 2.10. For any choice of with a = (1,0,0), (0,1,0), and 
(0, 0, 1), the real point set = Fix c, c = Q,^ o o),^(o.i,o).^(o,o,i)' 

Signi={+,+,+) 

where Sigrii are the sign-triples defined by c. □ 

Assume that C has no triple points (in fact, one can treat in a similar 
way the degenerate cases, but we do not need it). Let Pig be a n-gon. 
For each its side and for each its vertex, there is one and only one 
polygon Pi,i ^ i^, intersecting Pj^ along this side or, respectively, at 
the vertex. Inspecting the sides and the vertices along the border of 
Pig, we obtain a sequence of polygons 

(P P' P P' ) 

where P!_ are the polygons adjacent to the vertices, and associate with 
it an integer sequence = (rij^, n^^; • • • ; '^j2n-i5 '"'i2n)' 'where n^. and n'^^. 
state for the number of sides of Pj^ and, respectively, P-.. The sequence 
is called the adjacency type of Pjg. The adjacency type is defined 
up to cyclic permutation and reversing the order. 

Let finally £ be equipped by signs and let Pj^ , . . . , Pj^ be the set 
of positive polygons. The unordered collection A{C) = (Aj^, . . . , Aj^.), 
where Ai^ is the adjacency type of Pi., is called the adjacency type of 
positive polygons. 

Lemma 2.11. If C is a purely real Campedelli line arrangement with- 
out triple points, then any its sign- equipment contains at least seven 
different labels Sigrii. 
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Proof. The arrangement £, as any arrangement without triple points 
consisting of ^ 5 hnes, defines at least five triangles Pi. Through a 
simple counting of edges and cells, it implies that in the case of seven 
lines there is a n-gon Pi with n > 5. 

If Pj is a ^ 6-gon, then Pi and the seven polygons having a common 
side with have all different signs, as it follows from the transition 
rule (0). 

Let Pi be a 5-gon bounded by Li-^, Li^, Li^, Li.^, and Ljg, and let 
{Pii, P/j, . . . , Pjg, P/^(j) be its sequence of adjacent polygons. As in the 
proof of Lemma Em we can assume (maybe, after renumbering of lines 
and a cyclic permutation of adjacent polygons; note that a renumber- 
ing may change the sign-equipment but preserve distinct the distinct 
sign-triples) that ttj^ = (1, 0, 0), a^g = (0, 1, 0), = (0, 0, 1) and 

€{(1,1,0), (1,0,1), (0,1,1), (1,1,1)}. 

By the transition rule ((Zj), the sign-triples of Pi and its adjacent poly- 
gons form the set {{—lySigni, a G A}, where A = {0,ai^, ai^, a^g, 

^^17: 0^297 ~t~ 7 ^3 ~t~ ^^55 ^277 ^27 ~t~ 0^29, Q^2g ~1~ Q^2l}* We 

have (0,0,0),(1,0,0),(0, 1,0), (0,0,1), (1,1,0), (0,1,1) G A, that is, 
A consists of at least six elements. If aj or ag is equal to (1,0,1) 
or (1,1,1), then A consists of at least seven elements. Otherwise, if 
{ay, 0:9} = {(1, 1, 0), (0, 1, 1)}, again A consists of at least seven ele- 
ments, since in this case (1, 1, 0) + (0, 1, 1) = (1, 0, 1) E A. □ 

Proposition 2.12. Let £ be a purely real Campedelli line arrangement 
without triple points. For each real structure c^^^ ^ oj,^^^ ^ g^e^o 01) on X = 
X(£) except, possibly, one, its real points set is non-empty. 

Proof. It follows from Lemma f2. 101 and Lemma f2. Ill □ 

2.5. Mixed real Campedelli line arrangements. Let £ be a Cam- 
pedelli line arrangement C = ULa which is mixed real with respect 
to a real structure cp : P^. Choose homogeneous coordinates 

(2:0, zi, Z2) in P^ such that Cp turns in 

Cp(zo, Zi, Z2) = (zo,Zi,Z2). 

Then, up to a renumbering and a real projective transformation, the 
lines L(i 1^0)) -^(1,1,1)' -^(0,0,1) are given by equations zq = 0, Zi = 0, 
and Z2 = 0, while the lines L(i_o,o), -^(0,1,0); -^(1,0,1); -^(0,1,1) are given 
by equations 

(^afl^O + (^0,1^1 + 0,^2^2 = 0, 

where a(i,o,o),i = «{o,i,o)j and a(i,o,i),i = «{o,i,i),i for any j = 0, 1,2 (cf., 
the proof of Proposition I2.4|l . 
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As above, consider the set MP^ = {{zq : zi : Z2) \ Zi G M} of real 
points of P^. A mixed real Campedelli line arrangement C intersect MP^ 
along three distinct real lines La,R = nMp2, a = (0,0,1), (1,1,1), 
and (1, 1,0), and at two distinct real points pi = -Z^(i,o,o) H -^(0,1,0) and 
P2 = -^(1,0,1) n -^(0,1,1)- We call the points pi and p2 the vertices of C 
The vertices can not belong to ^^1,1,0, but it may happen that one of 
them (or both together) belong to Li 1 iULo,o,i- There is a renumbering 
which exchange pi and p2. 

Denote by la = dafi^o + cia,iZi + 0^0,2^2, a G G \ {0}, the above linear 
forms defining L^. Put qi = /(i,o,o) ^(0,1,0) and q2 = /(i,o,i)^(oi,i)- Note 
that qi and q2 have real coefficients. Moreover, gi ^ and g2 ^ at 
each point of RP^. 

The Campedelli surface X = X{C) is given in P^ by equations 

"^^(1,0,0) ~ ^(1,0,0)^(1,0,1)^0^15 
""^0,1,0) ~ ^(0,1,0)^(0,1,1)^0^1, 
""^0,0,1) = Q2Z1Z2, 

M^1,1,0) = ?1?2, (10) 

''^(1,0,1) ~ ^(1,0,0)^(0,1, i)2;o2;2, 
'"(0,1,1) ~ ^(0, 1,0)^(1,0, i)2;o2;2, 

^(1,1,1) = ?1^1^2- 

It inherits a real structure C++ : X C from the real structure on P^ 
defined by Zk ^ Zk and fc) ^ W(j,i,fc)- 

In accordance with Proposition 12.41 there are three more real struc- 
tures on X (only three, if the arrangement has no a nontrivial projec- 
tive automorphism) which are obtained from C++ by composing it with 
Galois actions. Namely, they are 

C-+ = 5'(i,o,o)C++5'(i.o,o), c+_ = 5f(o,o,i)C++, and c — = 5((o,o,i)C_+, 

(11) 

where (7(1,0,0)5 5'(o,o,i) ^ Gal(X/P^) are defined as follows: 

fi'(l,0,0)M(i,j,fc) = (-l)*M(ij,fc), fl'(0,0,l)M(i,j,fc) = {-l)^U(ij^k)- 

In particular, one can notice that up to conjugation by automorphisms 
of X this list of four real structures reduces to two conjugacy classes 
represented, respectively, by c+ = C++ and c_ = c+_. 

Let assume that £ has no triple points and subdivide such arrange- 
ments in three types. The lines La,R, a = (0, 0, 1), (1, 1, 1), (1, 1, 0), 
divide RP^ into four triangles Pj, i = 1, . . . , 4, as it is depicted in Fig. 2, 
where the axe a; = is the line L(i 1 1) k, the axe y = is the line 
-^(o,o,i),R, while the line L(i,i,o),]r is put at infinity. Using renumberings 
which transform (1, 0, 0) in (1^ 0, 0), (0, 1, 0) in (0, 1, 0), and (0, 0, 1) in 
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(1, 1, 1) together with hnear transformations x ^— ±x, y ^ ±y , we 
can and will assume that pi G Pi and p2 belongs either to Pi (Type 
I), or to Pa (Type II), or to P3 (Type III). 



Pi 



P, 



X 



P, 



Fig. 2 



Such a normalization makes the products /(i, 1,0)^(1, 1,1) = zqZi and 
^(1,1,0)^(0,0,1) = ^0^2 to be positive on Pi (and on P3) and, in particular, 
fixes a choice of c+. Under this convention, c_ becomes the real struc- 
ture induced by Zk 1— > Zk and U(^ij^k) ^ ^{j,i,k) on the copy of X which 
is given by 

^(1,0,0))^(1,0,1)?^1, 

^(0,1,0)^(0,1, i)'yi, (12) 

-q2VlV2. 



""(0,1,0) 
""(0,0,1) 



Lemma 2.13. Let C be a mixed real Campedelli line arrangement with- 
out triple points. Suppose that Pi and c± are labelled as above. Then, 
for any i = 1, . . . , 4, 

(1) f^^{Pi) is a disjoint union Pj^i U Pj^2 of two connected non- 

orientable two-manifolds, 
(ii) the Euler characteristic of Pij,j = 1, 2, is equal to l — 2n, where 

n is the number of vertices {pi,P2} belonging to Pi, 
(Hi) the real point set = Fixe, c = c±, is 

Xr = Pi,i U Pj+2,1, 
where i = 1 if c = and i = 2 if c = c^. 

Proof. It is similar to the proof of Lemma 12.61 The only difference is 
that here inside Pi we have vertices pi,p2 which are (simple) branching 



points of the projection Pi 



□ 



Remark 2.14. A Campedelli line arrangement can be purely real with 
respect to one real structure and mixed real with respect to another 
one. More precisely, a Campedelli line arrangement C is simultaneously 
purely real and mixed real if and only if (maybe after renumbering of 
the lines) there are coordinates {zq,zi,Z2) in such that: Zi = 0, 
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i = 0,1,2, is an equation respectively 0/ L(i i q), -L(i i i), L(o,o,i); the 
lines -Z^(i,o,o) one? -Z^(o,i,o) Q'^e given by aiZi + {a^ZQ ± Z2) = 0, and the 
lines -Z^(i,o,i) <ind i^(o,i,i) (if^^ given by biZi + {b^zo ± Z2) =0 for some 
non-zero ao, ai, bo, &i G M. 

3. DiFFEOMORPHISMS AND DEFORMATIONS OF REAL CaMPEDELLI 

SURFACES 

3.1. Deformation versus smoothing of y4i-points. By a real Morse- 
Lefschetz perturbation of a real surface with Ai-singularities we mean 
a complex three-manifold Z with a real structure c : Z Z equipped 
with a proper holomorphic map / from Z to the unit disc C C re- 
specting the real structures on Z and D C C and such that: all the 
fibers of /, except the fiber over 0, are (compact) nonsingular surfaces; 
the fiber over contains only isolated singular points Oi, ... ,0k, and 
the quadratic form of / at each of the singular points is non-degenerate. 
The fibers f~^{t) are denoted by Xt, so that the singular fiber /~^(0) 
is denoted by Xq. The real structure c : Xq ^ Xq lifts to a unique 
real structure c : Xq Xq where Xq is the minimal desingularization 
of Xq. According the definition of the deformation equivalence of real 
surfaces, for all t G M, t 7^ 0, of the same sign the real surfaces {Xt,c) 
are of the same real deformation type. If Oj,l ^ j ^ k, is real then we 
pick a small (Milnor) ball Bj C Z around Oj and, for every small real 
t ^ 0, speak on the local Euler characteristic of Xt^R which means the 
Euler characteristic of the intersection of the real part of Xt with Bj. 

Such Morse-Lefschetz perturbations are provided by triangle moves 
of real Campedelli line arrangements, see subsection 13.21 

Lemma 3.1. Let {Z,f,c) be a real Morse-Lefschetz perturbation of a 
real surface with Ai-singularities. If for t' ^ of certain sign, at each 
singular point Oj G Xq which is real the local Euler characteristic of 
Xt^R is 0, then (X(/,c) is real deformation equivalent to {Xq,c). 

Proof. Introduce an auxiliary real one-parametric family by making 
the base change which substitutes instead of t if t' is positive, and 
— otherwise. The total space of this family has Ai-singularities at 
Oi, ... ,0k G Xq and it has no any other singular point. Blowing up 
the total space at the Ai-singularities we respect the real structure 
and replace each of the singular points by a quadric and resolve both 
the singular points of the family and the singular points of Xq. At 
each point Oj which is real the blown-up quadric is real, and the two 
families of generating lines on this real quadric are real if, and only if, 
the local Euler characteristic of Xt^R with t = t' is 0. Pick a real family 
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of lines at each of real Oj and conjugated families of lines at each pair 
of conjugated Oj. As is known, a contraction of any family of lines 
gives a smooth family. The contraction of the chosen families is real 
and thus provides a real deformation equivalence between {Xq, c) and 
{Xt,,c). □ 

Remark 3.2. If {Z, f,c) is a Morse-Lefschetz perturbation of a real 
surface with complex conjugated {non real) Ai- singularities, then all 
[Xt, c) with real t 7^ are real deformation equivalent to each other. 

3.2. Triangle moves. Let C be an equipped purely real Campedel- 
li line arrangement, see subsection \2A\ and let Pj„ C RP^ be a tri- 
angle of C whose sides are La^, La^, La^. A modification depicted 
in Fig. 3 which turns C into an equipped purely real Campedelli 
line arrangement C is called the reversing of triangle Pj,, or a tri- 
angle move. By definition, the sign-triples Sign^ = Sign(P/) with 
i ^ iQ coincide with Sign^ = Sign(Pj), while, in accordance with the 
transition rule ((Zj), Sign-^ = (sign-^ sign-^ 35 sign-^ 3) is determined by 
Sign. 



^to lsignio,i,signio,2>signi„,3j 
where (ai, 02, 03) = 0:1 + 02 + 03. 



as follows: 
l)"'signioj, 





Lai 




p. 








P\ 

«()\ 








\Pie 
Las 





Lai 


P\ 


P^^ 


La2 


\ P 


P^. 






Fig. 3 



Remark 3.3. If the sides of Pig are linear dependent, then: Sign^^. = 
Signi^+3 for j = 1,2,3; Sign^^ = Sign^^; and Sign^^, Sign^^, and Sign^g 
are pairwise distinct. In the case of linear dependent sides, £° is not a 
Campedelli arrangement. 
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If the sides of Pi^ are linear independent, all the triples Sign^ , j = 
0, 1, . . . , 6, are pairwise distinct and Sign^^^ is the complementary ele- 
ment in the set of all triples of signs. In the case of linear independent 
sides, is a Campedelli line arrangement and the canonical model 
X{C^) of a Campedelli surface has two Ai-singular points over 
the triple point (the point to which Pj^ degenerates). The local Euler 
characteristic of X{C) at these singular points is if, and only if, 

(+,+,+) ^ {SingiJk=o,2A,6- 

Respectively, the local Euler characteristic of X{C') at these singular 
points is if, and only if, (+, +, +) ^ {Sing'-^}k=Q^2,4:,6- The last condi- 
tion is equivalent to -|-, -|-) G {Singii_} k=o,2,4,6', in particular, if the 
local Euler characteristic is equal to for one of C and C, it is not 
equal to for the other one, and vise versa. 

3.3. Reduction to generic deformations. 

Lemma 3.4. Suppose that {Z, f, c) is a real deformation such that 
all the fibers except Xq have nonsingular canonical models, while the 
canonical model of Xq is a surface with Ai-singularities . Then, at each 
singular point Oj G Z which is real the local Euler characteristic of 
Xt,R, tj^OtsO. 

Proof. The deformation {Z, /, c) is a simultaneous resolution of the 
singularities of the family constituted of the canonical models X^^"^ 
of Xf and regarded over the same base. Hence, for each small real 
t the local Euler characteristics of k coincide with the local Euler 
characteristics of the resolutions of the singular points. The latter 
characteristics are in the case of Ai-singularities, whatever are the 
real forms of the singularities. □ 

Lemma 3.5. Let {Z, /, c) be a real deformation of Campedelli surfaces. 
For any real t' G D, there exist a real neighborhood U G D of t' and 
a real family Ct,t G U, of Campedelli line arrangements in a real pro- 
jective plane (P^;cp) such that Xt = X{Ct) and Ct = c\xt o'^e lifts of 

Cp. 

Proof. Consider the relative bi-canonical bundle 2K\z/d- Its restriction 
to any fiber X^ is the bi-canonical bundle of Xf. The space of sections 
of such a restriction is of dimension three, and the sections determine 
a finite map to representing Xt as X{£t), where Ct is the branching 
locus of this map, see the proof of Theorem II. 131 Since the space of 
sections is of constant dimension, any three sections generating the bi- 
canonical bundle of Xf extend to three sections generating 2K\z/d at 
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least over a small neighborhood of t' . By theorem l2.H the three sections 
of the bi-canonical bundle of X^/ can be chosen real with respect to a 
real structure cp of P^, and then it remains to average their extensions 
by c and pick a sufficiently small equivariant neighborhood oit' . □ 

Proposition 3.6. Let (Xi,ci) and (X2,C2) he two deformation equiv- 
alent real Campedelli surfaces associated respectively with Campedelli 
line arrangements L\ and C^- If Ci is purely real, then C2 is also 
purely real. If they are purely real and have no triple points, then their 
sign- equipments in MP^ are homeomorphic, so that, in particular, L\ 
and C2 have the same type and the same adjacency type of positive 
polygons. 

Note that this statement implies that a deformation can not provide 
any triangle move. 

Proof. By Lemma f3. 51 a chain of real deformations connecting (Xi, ci) 
and (X2,C2) results in a chain of real families of Campedelli line ar- 
rangements Ct- We look at Ct with real values of t. It gives a chain of 
real Campedelli line arrangements connecting £1 and £2- Campedelli 
line arrangements have at worse triple points. Therefore, the num- 
ber of real lines in an arrangement is not changing in a chain of real 
deformations. It proves the first statement. 

Now assume that Ci and £2 are purely real and have no triple points. 
The triple points on intermediate arrangements Ct appear and disap- 
pear independently. Their appearance and disappearance befalls by 
triangle half-moves: contracting and reappearing of triangles like in 
Fig. 3. The half-move provided by a reappearing triangle should turn 
back the local combinatorial structure and the local sign-equipment, 
since according to Lemma 13.41 the local input to the Euler charac- 
teristic of the real part should be for both types of half-moves, 
while, as we observed already in subsection 13. 2[ such an input due 
to a contracting triangle Pj^ (or, respectively, to a turning back trian- 
gle i^'J is if, and only if, (-h, +, +) ^ {Singi^]k=o,2,Afi (respectively, 
(-I-, -|-, +) ^ {Sing[^} k=Q^2,i fi)- Finally, it implies that replacing the 
straight lines by suitable fiexible lines one can connect £1 and 
£2 by a continuous family of equipped fiexible configurations in MP^ 
without triple points. □ 
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3.4. Smoothing of T(— 4) singularities. By a real smoothing of a 
real surface (M, c) we mean any real fiber of a real flat family of surfaces 
Z ^ D over the unit disc D (where the real structure on D is given 
by the usual complex conjugation) such that (Xq, c) = (M, c) and Xt 
is nonsingular for any t E D,t ^ 0. A singular point of a surface is 
called T{— 4) -singularity if its germ is isomorphic to the (Z/2Z)^-Galois 
covering of the germ (C^, 0) branched in three lines La^ U U L^g 
through with a (Z/2Z)^ labeling {a;i}j=i,2,3 such that 01+02+03 = 0. 
We speak on a real surface with non real T {—A) -singularities, if all the 
singular points of the surface are T(— 4)-singularities and neither of the 
singular points is real. 

Theorem 3.7. Any two real smoothings (Mi,c) and (M2,c) of a real 
surface (M, c) with non real r(— 4) singularities have difjeomorphic 
real structures. 

Proof. The pairs (Mi,c) and (M2,c) are obtained from (M, c) by re- 
moving c-invariant Milnor neighborhoods Uj Uc{Uj) of the each pair of 
conjugated singularities followed by a c-invariant gluing of some stan- 
dard pieces NjUNj, Nj = {N,j) and Nj = (Nj), instead of UjUc{Uj) 
by means of some boundary diffeomorphisms (pj : dN — > dUj , 0j : 
dN dc{Uj) such that c o (pj = 0j (so that c acts on Nj U Nj by 
(x,j) 1^ As is shown, for example, in [THj, the result of gluing 

of the half of these pieces, say UNj, gives diffeomorphic four-manifolds 
Ml \ [j. Nj and M2 \ [jj Nj (in fact, dN is a lens space L(4, 1) and the 
existence of such a diffeomorphism follows from a corresponding Bona- 

hon theorem, see [Tj). Now, it remains to extend such a diffeomorphism 
$ to Ml M2 by symmetry, that is by taking ^{x) = (c o $)(a;) for 
each X G {N,j). □ 
The following corollary is straightforward. 

Corollary 3.8. Let C and C be two equipped real Campedelli line ar- 
rangements related by a triangle move reversing a triangle Pi^ . Suppose 
that the sides of Pig are linear dependent and that Sign^. ^ (+, +, +) for 
j = 0,1, ... ,6, where Pi., j = 1, . . . ,6, are the polygons adjacent to Pi^. 
Then the real Campedelli surfaces X{C) and X[C') have diffeomorphic 

real structures. □ 
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3.5. Classification of mixed real Campedelli line arrangements 
up to real deformations. Let £ be a Campedelli line arrangement 
which is mixed real with respect to a real structure cp : ^ P^. We 
say that a real Campedelli surface {X, cx), where X = X{C) and cx is 
a lift of cp, has the type J±, where J = I, II, or III, if: £ is without 
triple points; it has the type J; and cx = c± (see subsection 12.51 for 
notation I, II, III and c±). 

Theorem 3.9. There are exactly five types of deformation non-equi- 
valent real Campedelli surfaces {X, c) associated with mixed real Campe- 
delli line arrangements. They are represented by arrangements of types 
I±, II+, and III±. 

Proof. According to Proposition 13.61 X{C) and X{C') are not defor- 
mation equivalent if £ is a purely real Campedelli arrangement and C 
is a mixed real one. By Lemma 13.11 if C has triple points, the surface 
(X, Cx) is real deformation equivalent to a surface associated with a 
mixed real Campedelli line arrangement without triple points. There- 
fore, there exist at most six types of deformation non-equivalent real 
Campedelli surfaces {X, c), associated with mixed real Campedelli line 
arrangements, namely: J±, II±, and III±. 

To distinguish them, notice that a real deformation of a real Campe- 
delli surface {X, cx) is simultaneously a H = K\{X, cp)-deformation, in 
a sense that not only the action of cx but the action of the whole group 
H extends to the total space of the deformation. Moreover, since the 
Galois group G G H preserves each fiber of the deformation, the real 
deformation of {X, cx) is simultaneously a real deformation for each of 
the other real structures contained in H. 

In the case of mixed real Campedelli arrangements, if is a quaternion 
group fsee 12. 4|) . it contains four distinct real structures, and they split 
in two conjugacy classes c± (see subsection l2.5|) . Finally, the topological 
type of the unordered pair of two- manifolds (Fixc+, Fixc_) is invariant 
under real deformations of {X,cx)- Lemma [2.131 implies this invariant 
distinguishes the cases I±, II+, and III±. 

To finish the proof, let us show that the types JJ+ and //_ are de- 
formation equivalent. Up to deformation equivalence, we can assume 
that the vertices pi and p2 of an arrangement C of type // have pro- 
jective coordinates (1,1,1) and, respectively, (1,1,-1); moreover, we 
can assume that /(i,o,o)^(o,i,o) = (^i ~ ^oY + (-^2 — and, respectively, 
^(1,0,1)^(0,1,1) = (-^1 ~ -^o)^ + (-22 + ZoY- Then, the diagonal transforma- 
tion zq zq, zi zi, Z2 ^ —Z2 gives rise (see equations (fTUjl) to an 
equivalence between the real structures c_ and c+ after renumbering 
(1, 0, 0) ^ (1, 0, 1), (0, 1, 0) ^ (0, 1, 1), and (0, 0, 1) ^ (0, 0, 1). □ 
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4. "DiF ^ Def" 

4.1. Example with a pair of purely real arrangements. 

Example 4.1. Two real Campedelli surfaces which have diff'eomorphic 
real structures but which are not real deformation equivalent. 

Let £ be a purely real Campedelli line arrangement defined by the 
sides of a 7-gone Pi, that is an arrangement of type (7,14,0,0,1). 
Label the sides in a way that three consecutive sides of Pi be labelled 
by (1, 0, 0), (1, 1, 0), and (0, 1, 0). Then, sign the triangle Pq having a 
common side with Pi along i^(i,i,o) by (— , — , — ) and extend this choice 
to a sign-equipment of C following the transition rule ((Zj), see a fragment 
in Fig. 4. 




C 
Fig. 4 

Let C be a sign-equipped arrangement obtained by the triangle 
move reversing the triangle Pq. This arrangement is of type type 
(7,13,1,1,0). By Corollarv 13. 8[ the real Campedelli surfaces X{C) 
and X{C') have diffeomorphic real structures, and by Proposition 13.61 
they are not deformation equivalent. 

4.2. Example with eight purely real arrangements. 

Example 4.2. Eight real Campedelli surfaces (Xi,ci), {Xs,cs) 
which have diffeomorphic to each other real structures and which are 
pairwise non- deformation equivalent. 

As in Example 14. H we search for equipped purely real Campedelli 
line arrangements Ci, i = 1, . . . ,, such that, first, they are related 
be sequences of triangle moves reversing non-positive triangles with 
linear dependent sides, and, second, they differ by their types or the 
adjacency types of their positive polygons. Then, by Theorem 13. 7| the 




L {0,1,0)/ 



Fig. 5 

To construct such arrangements, start from a purely real Campedelli 
line arrangement £{o,o,o,o) of type (11, 5, 5, 1, 0) depicted in Fig 5. This 
arrangement has six pairwise disjoint triangles Pi, . . . , Pg- Each of them 
has linear dependent sides. The number of sides for each of Py, . . . , P22 
is given in Table (0, 0, 0, 0)i. 
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Sign the triangle Pi by (+,+,+) and extend this choice to a sign- 
equipment of C following the transition rule ((Tj). Then, as is easy to 
check, £(0,0,0,0) has only two positive polygons, namely Pi and P2. 
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P9 


Pio 
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Pu 
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4 
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Pi, 


Pie 


Pl7 


P18 


Pl9 


P20 


P21 


P22 
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3 


6 


3 


3 



Table (0,0,0,0)i 

To insure a possibility to perform independent triangle moves revers- 
ing the four triangles P3, . . . ,Pq it is sufficient to consider £(0,0,0,0) as 
a perturbation of a degenerate configuration shown in Fig. 6. Now, 
it remains to select the moves and to count for each configuration its 
type and the adjacency type of its positive polygons. 





-^(1,0,1) 












^(1.0.0) 








yr'P4 








/-C'(o,i,o) 


/^(0,0,l) 






^\^(o,i,i) 



Fig. 6 

Before, for convenience in further computations, we collect in Table 
(0, 0, 0, 0)2 the adjacency types of the triangles Pi, . . . , Pe of £(0,0,0,0) • 



Pi 


{h,A'„5g,3[„5uA'l3) 




P2 


(5l6, 3'i7, 5i8, 321, 620, ^'ig) 


P3 


(Sg, 4'^Q, 5ii, 3']^7, 5i6, S'^g) 




Pa 


(5ii,4;2,4i3,4'7,5i8,3;7) 


P5 


(4l2, 4'i3, 5i4, 3^9, 620, 322) 




Pe 


(620 , 321 , 48 , Sg , 4io , 322 ) 



Table (0, 0, 0, 0)2 
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(Here, we include in the adjacency type of the triangle Pi, i = 1, ... ,6, 
the indices of the adjacent polygons. For example, in the adjacency 
type (47, 4g, Sg, 3'i5, 5i4, 4']^3) of Pi the pattern 47 points out that the 
polygon Pj having four sides has a common side with the triangle Pi.) 
The adjacency type of the positive polygons of >C(o,o,o,o) is equal to 

A(o,o,o,o) = ((4, 4', 5, 3', 5, 4'), (5, 3', 5, 3', 6, 3')). 

Perform in i2{o,o,o,o) a triangle move reversing P3. We obtain a new 
equipped purely real Campedelli line arrangement. We denote it by 
-^(1, 0,0,0) and we keep to denote its polygons (denoted by P- in sub- 
section 13. 2j) by Pi. To count its invariants, we notice, first, that the 
adjacency type of P3 changes as follows: 

(59, 4io; 5ii, 3]^7, 5i6, 3]^5) 

5io, 4:u, 4i7, 4^g, 4i5). 

After that, we adjust the number of sides of Pg, Pio, Pu, P17, Pie, P15 
given in Tables (0,0,0,0)i and (0,0,0,0,)2 and obtain the tables for 
-^(1, 0,0,0)- Table (l,0,0,0)i and Table (1,0,0,0)2. 
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Table (l,0,0,0)i 



Pi 


(47,4^,49,4;5,5i4,4'i3) 




P2 


(4l6, 4'i7, 5i8, 821, 620, 3^9) 


P3 


(4^„5io,4;i,4i7,4;6,4i5) 




Pa 


(4ii,4;2,4i3,4'7, 518,4^7) 


P5 


(4i2, 4^3, 5i4, 620, 322) 




Pe 


(620 , '^'21 , 48 , 4g , 5io , 822 ) 



Table (1,0,0,0)2 

We conclude that: £(1,0,0,0) has the type (9, 9, 3, 1, 0); it contains two 
and only two positive polygons, namely Pi and P2; and the adjacency 
type of its positive polygons is equal to 

A(i,o,o,o) = ((4, 4', 4, 4', 5, 4'), (4, 4', 5, 3', 6, 3')). 

Perform in £(1,0,0,0) a triangle move reversing P4. Denote the new 
equipped purely real Campedelh line arrangement by £(1,1,0,0) and pro- 
ceed as before. As a result, we obtain two tables for £(1,1,0,0): Table 
(1, 1, 0, 0)1 and Table (1, 1, 0, 0)2. 
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Table (1,1,0, 0)i 



Pi 


(57,4'g,49,4;5,5M,3;3) 




P2 


(4i6, 5'^7i 4i8, 321, 620, ^'19) 


P3 


(4'9,5io,3;i.5i7.4;fi.4i5) 




Pi 


(3;,.5i2.3;3.57.4;,.5i7) 


P:> 


(5i2: 3'|3, Oil, 3i,,, 620, 322) 




Pi, 


(G20: 321- in- i')- oio: 322) 



Table (1,1,0,0)2 

We conclude that: >C(i^i^o,o) has the type (11, 5, 5, 1, 0); it contains two 
and only two positive polygons, namely Pi and P2; and the adjacency 
type of its positive polygons is equal to 

Ai,i,o,o) = ((5, 4', 4, 4', 5, 3'), (4, 5', 4, 3', 6, 3')). 

Perform in £(1,1,0,0) a triangle move reversing P3. Denote the new 
equipped purely real Campedelli line arrangement by £(0,1,0,0) and pro- 
ceed as before. As a result, we obtain two tables for £(0,1,0,0) ■ Table 
(0, 1, 0, 0)1 and Table (0, 1, 0, 0)2. 
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Table (0,l,0,0)i 





(57, 4g, 59, 3'^5, 5i4, 3']^3) 




P2 


(5i6! 4'i7, 4i8, 321 ' 620 ) 3'i9) 




(59, 4^0,411, 4^7, 5i6,3'i5) 




Pa 


(4ii,5i2,3'i3,57,4;8,4i7) 




(5i2, 3'i3, 5i4, S'lg, 620, 322) 






(620, 321, 48, ^9' 4io, 322) 



Table (0,1,0, 0)2 



REAL "DIF=DEF" PROBLEM 



37 



We conclude that: i2(o,i,o,o) has the type (11, 5, 5, 1, 0); it contains two 
and only two positive polygons, namely Pi and P2; and the adjacency 
type of its positive polygons is equal to 

>l(o,i,o,o) = ((5, 4', 5, 3', 5, 3'), (5, 4', 4, 3', 6, 3')). 

Perform in £(0,1,0,0) ^ triangle move reversing P5. Denote the new 
equipped purely real Campedelli line arrangement by £(0,1,1,0) and pro- 
ceed as before. As a result, we obtain two tables for £(0,1,1,0) ■ Table 
(0, 1, 1, 0)1 and Table (0, 1, 1, 0)2. 
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Table (0, l,l,0)i 



Pi 


(57,4^,59,3;5,4i4,4;3) 




P2 


(5l6> 4'^7, 4i8, 821, 520, 4'i9) 


P3 


(59,4;o,4ii,4;7,5i6,3;5) 




Pa 


(4;i,4i2,4;3,57,4;8,4i7) 


P5 


(4i2,4i3,4'i4,4i9,5^0 , 422) 




P% 


(520, 3^1, 48, 5^, 410,4^2) 



Table (0,1,1,0)2 

We conclude that: £(0,1,1,0) has the type (8, 10, 4, 0, 0); it contains two 
and only two positive polygons, namely Pi and P2; and the adjacency 
type of its positive polygons is equal to 

Ao,i,i,o) = ((5, 4', 5, 3', 4, 4'), (5, 4', 4, 3', 5, 4')). 

Perform in £(0,1,1,0) the triangle move reversing P4. Denote the new 
equipped purely real Campedelli line arrangement by £(0,0,1,0) and pro- 
ceed as above. As a result, we obtain two tables for £(0,0,1,0): Table 
(0, 0, 1, 0)1 and Table (0, 0, 1, 0)2. 
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Table (0,0,l,0)i 
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Pi 


(47,4^,59,3;5,4i4,5;3) 




P2 


(5l6> 3'^7, 5i8, 321, 520, 4'i9) 


P3 


(Sg, 4']^Q, 5ii,3[^, 5i6, S'ls) 




Pa 


(5ii, 3'^2' 5i3, 4^, 5is,3[j) 


P5 


(3'i2, 5i3, 4^4, 4i9, 620, 422) 




Pe 


(520 , 321 , 48 , 59 , 4io , 422 ) 



Table (0, 0, 1, 0)2 

We conclude that: >C(o,o,i,o) has the type (10, 6, 6, 0, 0); it contains two 
and only two positive polygons, namely Pi and P2; and the adjacency 
type of its positive polygons is equal to 

A(o,o,i,o) = ((4, 4', 5, 3', 4, 5'), (5, 3', 5, 3', 5, 4')). 

Perform in i2(o,o,i,o) a triangle move reversing P3. Denote the new 
equipped purely real Campedelli line arrangement by >C(i 0,1,0) and pro- 
ceed as before. As a result, we obtain two tables for £(1,0,1,0) ^ Table 
(1, 0, 1, 0)1 and Table (1, 0, 1, 0)2. 
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Table (l,0,l,0)i 



Pi 


(47, 4^, 49, 4^5, 414,5^3) 




P2 


(4i6, 4^7,518, 3^1, 520, 4;9) 


P3 


(4^„5io,4;i,4i7,4;6,4i5) 




Pi 


(4ll, 3'i2' 5l3,47, 5i8,4'j^7) 


P5 


(3'i2, 5i3, 4'i4, 4i9, 520, 422) 




Pe 


(520 , 3^1,48,4^,510,4^2) 



Table (1, 0, 1, 0)2 

We conclude that: £(1,0,1,0) has the type (8, 10, 4, 0, 0); it contains two 
and only two positive polygons, namely Pi and P2; and the adjacency 
type of its positive polygons is equal to 

AiAi,o) = ((4, 4', 4, 4', 4, 5'), (4, 4', 5, 3', 5, 4')). 

Finally, perform in £(1,0,1,0) ^ triangle move reversing Pq, denote the 
new equipped purely real Campedelli line arrangement £(1,0,1,1) and, 
once more, proceed as before. As a result, we obtain two tables for 
£(1,0,1,1): Table (1, 0, 1, l)i and Table (1, 0, 1, 1)2. 
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Table (1, 0, 1, 1) 



Pi 


(47,3^,59,4;5,4i4,5;3) 






(4i6,4;7,5i8,4'2i,420,4'i9) 


Pi 


(5^„4io,4;i,4i7,4;6,4i5) 




Pa 


(4ii, 3'i25 5i3, 47, 5i8, 4'j^7) 


P5 


(3'i2> 5i3, 4'^4, 4i9, 420, ^22) 
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(4'2o,42l,3'8,59,4;o,522) 



Table (1,0,1,1)2 

We conclude that: >C(i^o,i,i) ^^e type (8, 10, 4, 0, 0); it has two and 
only two positive polygons, namely Pi and P2] and the adjacency type 
of its positive polygons is equal to 

^(1,0.1,1) = ((4, 3', 5, 4', 4, 5'), (4, 4', 5, 4', 4, 4')). 

The results obtained show that each two of the eight constructed 
arrangements either have different types or if their types coincide, they 
have different adjacency types of their positive polygons. 

4.3. Mixed real arrangements. 

Example 4.3. Real Campedelli surfaces of types /_ and III+ have 
difjeomorphic real structures, while they are not deformation equivalent. 

Indeed, let (X, c) be a real Campedelli surface of type ///+ associated 
with a mixed real Campedelli line arrangement of type III. We can 
move the vertex p2 so that it goes from the triangle P3 to Pi through 
the line at infinity, L(i i o)- Theorem 13.71 applies and shows that the 
real structures c and ci are diffeomorphic. 

On the other hand, by Theorem 13. 9[ real surfaces of type J_ are not 
deformation equivalent to real surfaces of type 1 11^. □ 

In fact, in the case of mixed real types one can get a complete answer 
to the DifT^Def. As it follows from the next theorem and Theorem 13. 9[ 
the number of Dif classes is four, and the number of Def classes is five. 

Theorem 4.4. The real structures of types I±, and III- are 

pairwise non- diffeomorphic. 



Proof. As it follows from Lemma l2.13[ their real points sets have dif- 
ferent topological types. □ 
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5. Final remarks 

5.1. A pre-maximal surface. One can show that there are no M- 
and (M — l)-surfaces among real Campedelh surfaces. As seems for us, 
the following (M — 2)-surface is of certain interest. 

Let C be the purely real Campedelli line arrangement depicted in 
Fig. 7. Its type is (7, 14, 0, 0, 1) and it has three and only three positive 
polygons: the 7-gon Pi and two quadrangles, P2 and P3, with the sides 
-^(1,1,0)? -^(0,1,1); -^(0,0,1); a^d -^^(1,1,1) for P2, and -Z^(o,i,o); -^(1,0,0)5 -^(0,1,1); 
and L(i,o,i) fo^^ A- 




Fig. 7 



Consider the Campedelli surface X = X{C) with its real structure 
c = C+++. As it follows from Corollary 12.61 the real part of (A, c) 
consists of three connected components: the one over Pi is a connected 
sum of eight real projective planes (the Euler characteristic —6), the one 
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over P2 is a Klein bottle, and the one over P3 is a torus. It may be inter- 
esting to notice that, in accordance with the Smith-Thorn inequality, 
dimi7,(XK; Z/2Z) = 10 + 4 + 4<22 = dimi7*(Xc; Z/2Z), while the 
ordinary Betti numbers of surpass those of Xc: dimiJ*(X]R; Q) = 
8 + 2 + 4 = 14 > 10 = dimiJ,(Xc; Q). 

5.2. Bad moves. Let us show that the hypothesis on the signs in 
Corollary IH.8I is essential: without it, there is no local equivariant dif- 
feomorphism between the real Campedelli surfaces X(£) and X(£') 
related by a triangle move as in Corollarv 13.81 For example, in the less 
evident case, when X(£) (and thus X{C') as well) has a real component 
over the triangle, to prove the nonexistence of a local equivariant diffeo- 
morphism one can argue in the following way. We need to compare the 
quotients by the complex conjugation of the Galois (Z/2Z) ^-coverings 
of a small ball around the triple point ramified in, respectively, L and 
C (recall that 01+02+03 = 0). More precisely, the boundaries of these 
quotients are naturally identified, and the question is about possibil- 
ity to extend this identification to the interior. In fact, this is exactly 
one of the questions treated in |2I] in an equivalent form, and as it 
follows from 21 , the extension does not exist if and only if the four- 
manifold M obtained by sewing of the quotients along the boundary 
has the same homology as the four-sphere S*^. Observing that there is 
a loop on the real projective plane lying over the triangle in one half of 
M linked with the real projective plane lying over the triangle in the 
other half, and using the Alexander-Pontryagin duality, one can easily 
deduce that H,{M) = H,{S^). 

5.3. Class T moves. Theorem 13.71 (and its Corollarv 13. 8j) are based 
on smoothings of T(— 4)-singularities. The latters constitute the sim- 
plest example of the so-called class T singularities. These singularities, 
introduced by J. Kollar and N. J. Shepherd-Barron in ^Hj, play cru- 
cial role in Manetti's examples ^H]: as is proved in ^Hj, smoothings 
of such singularities provide diffeomorphic surfaces. As a consequence, 
the statement and the proof of Theorem 13.71 extend word-by-word to 
real smoothings of real surfaces with any non real class T singularities. 
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5.4. On the number of deformation classes. According to Propo- 
sition 13.61 the set of deformation classes of real Campedelli surfaces 
splits into two disjoint subsets: deformation classes of real surfaces as- 
sociated with mixed real Campedelli line arrangements, and those of 
real surfaces associated with purely real Campedelli line arrangements. 
By Theorem 13. 9| the first subset contains only five elements. Let us 
show that the other one contains more than hundread elements. 

We base our count on Proposition 12.71 fand Proposition 13. 6|) . which 
imply that if X{Ci) and X{C2) are real deformation equivalent, where 
Ci, i = 1,2, are equipped purely real Campedelli line arrangements 
without triple points, then, after a change of the labels and the sign- 
equipment in £2 by a renumbering homomorphism h : (Z/2Z)'^ 
(Z/2Z)^, it is possible to find a homeomorphism A : MP^ MP^ which 
transforms £1 (1 MP^ in £3 H MP^ and preserves the labels and the 
sign-equipments. 

Consider an arrangement C of seven real lines which has no triple 
points and is of type (11, 5, 5, 1, 0). It has 7! distinct labelings turning 
it in a labelled purely real Campedelli line arrangement, and, for each 
labeling, eight distinct sign-equipments. Any homeomorphism of RP^ 
preserving £ fl MP^ should preserve -Z^(i,o,o) ^ I^P^ and the six-gon P20 
(see Fig. 5). It is easy to see that, up to isotopy fixing C fl MP^, there 
is only one such homeomorphism, except identity. Since the order of 
the group AutG of G = {Z/2Zf is equal to 7 ■ 6 ■ 4 = 168, we find 
that there are at least ^ '^^^^ = 120 distinct deformation classes of real 
Campedelli surfaces X = X{C), where £ is of the type (11, 5, 5, 1, 0). 

In fact, the number of deformation classes is even bigger. Indeed, 
similar arguments show that at least 120 more deformation classes of 
real Campedelli surfaces are given by X = X(£), where £ is of the 
type (9, 9, 3, 1, 0). In addition, as is known (see [TT], and |231) there 
are nine other deformation classes (of seven other types) of purely real 
arrangements of seven lines without triple points. Note also that two 
such arrangements are deformation equivalent if, and only if, they are 
homeomorphic, see |n] (proofs are found in [T^). Similarly, a self- 
homeomorphism of an equipped purely real arrangement of seven lines 
without triple points should be isotopic, together with the arrange- 
ment, to a projective automorphism, which would imply, according to 
Corollary 13.61 that the number of deformation classes of purely real 
Campedelli surfaces is the same as the number of deformation classes 
of equipped purely real Campedelli arrangements without triple points. 
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